ABSTRACT. In this paper we show that the natural action of the symmetric group acting on the product space {0, 1}
INTRODUCTION
In 1985, Connes and Woods introduced in [7] the notion of an approximately transitive (AT) action, a new ergodic property, to characterize among approximately finite dimensional (AFD) von Neumann algebras, the Araki-Woods (or ITPFI) factors. Equivalently, using Krieger's result from [16] (see [14] or [18] for a detailed description), their result says that a countable, ergodic, nonsingular equivalence relation on a Lebesgue space is orbit equivalent to the ergodic equivalence relation induced by a product odometer if and only if its associated flow is AT. In 1989, for a locally compact group G, Connes and Woods [8] proved that the asymptotic boundary of a group invariant, time-dependent Markov random walk on G is an approximately transitive, amenable G-space. The converse statement was proved in two steps. First, that any amenable G-action can be realized as the asymptotic boundary of a generalized or matrix-valued random walk on G was proved in [10] in the discrete case and in [2] for G locally compact.
Then the characterization of an approximately transitive, amenable (ergodic) G-space as the asymptotic boundary of a random walk was given in [11] ; a different proof for G discrete, was given in [12] .
In [7] Connes and Woods proved that any funny rank one (a generalization of rank one) transformation is AT and that any AT transformation has zero entropy. Apart from some recent results ( [1] , [9] ) there are not many "concrete" examples of approximately transitive group actions.
Let S ∞ = k≥1 S k be the group of finite permutations of N = {1, 2, 3, . . .} and let (X, B, ν) be the product space k≥1 {0, 1} endowed with the product σ-algebra and the product probability measure ν = ⊗ k≥1 ν k .
In this paper we concentrate our attention on the following well known action of S ∞ on the product space (X, B, ν) that associates to each permutation σ ∈ S ∞ a non-singular automorphism of (X, ν) (also denoted σ and) defined by (1) σ(x 1 , x 2 , x 3 , . . .) = (x σ(1) , x σ(2) , x σ(3) , . . .), for x = (x k ) k≥1 ∈ X.
Before stating the main result of this paper, let us recall the definition of approximate transitivity. Definition. [7] An action α of a Borel group G on a Lebesgue measure space (X, ν) is approximately transitive (abbreviated AT) if given n < ∞, functions
. . , g m ∈ G for some m < ∞, and λ j,k ≥ 0, for k = 1, 2, . . . , m and j = 1, 2, . . . , n such that
where · represents the L 1 norm and
Recall that Bernoulli measures on X = k≥1 {0, 1} are the product measures ν λ = ⊗ k≥1 ν λ,k
, where 0 < λ ≤ 1.
Our main result proved in Section 2 is the following.
Theorem. For 0 < λ ≤ 1 the natural action of S ∞ on (X, ν λ ) is approximately transitive (AT).
In Section 3, we generalize our main result to a larger class of product probability measures and show that the corresponding associated flow of S ∞ is AT.
PRELIMINARIES
Throughout this section, (X, ν) will denote the Lebesgue space X = k≥1 {0, 1} and ν the product measure ν = ⊗ k≥1 ν k , with ν k (0) =
In this section we prove some technical results, we will need in Section 2. Lemma 1.1. Let (X, ν) be as above. For 0 ≤ r ≤ n, let A(n, r) = {x ∈ X : #{1 ≤ k ≤ n : x k = 1} = r} denote the union of cylinder sets on n symbols with exactly r 1 ′ s. Then
Proof. Let
Then it is easy to check that
and log(1 − x) ≤ −x for 0 < x < 1 and so
Lemma 1.2. Let (X, ν) be as above and p be a fixed positive integer. Then, for n ≥ p,
where · 1 denotes the Fourier one-norm, i.e. the sum of the absolute values of the Fourier coefficients. Thus
Now by Lemma 3.18 and Proposition 3.19 from [5] we have
and by the above lemma, we conclude
The lemma is proved. 
MAIN RESULT
Let 0 < λ ≤ 1 and ν λ = ⊗ k≥1 ν λ,k be a Bernoulli measure on X = ∞ k=1 {0, 1}. Recall (see for example [3] or [17] ) that the natural action of S ∞ on (X, ν λ ) is then ergodic and measure preserving.
Moreover any S ∞ -invariant, ergodic probability measure on X is a Bernoulli measure. In this section, we prove the theorem stated in the introduction:
Let us introduce notations, we will need below.
denote the cylinder set of length n whose first n symbols are given by x. Let
Note that for m ≥ n, every cylinder set of length n decomposes into a disjoint union of cylinders of length m, and so, S + n ⊆ S + m . The proof of Theorem 2.1 will follow from the two technical lemmas bellow. The first one is well known and we omit its proof.
+ (X, ν) be a non-negative real valued function. Then for every ε > 0, there exist n ≥ 1 and g ∈ S + n such that f − g ≤ ε.
Lemma 2.3. For each n ≥ 1 and 0 < ε ≤ 1, there exist a positive integer p, a function f ∈ S + p , a finite subset S ⊂ S ∞ and nonnegative constants a x,σ , for x ∈ X n and σ ∈ S such that for all
to be the number of 1's in the n-tuple. Let 0 < ε ≤ 1 be given and choose a positive integer p such that
For ι ∈ {0, 1}, to simplify the notation, we will write ι l for a string of l ι's. For n ≤ j ≤ p − n, let C(p, j) denote the cylinder set C(1 j , 0 p−j ) and define f ∈ S + p by
For each x ∈ X kn , let x −1 (0) denote the set {j ∈ {1, 2, . . . , k n } : x j = 0} and consider the permutation σ x given by
where (a, b) denotes the transposition between a and b.
By construction, for n ≤ j ≤ p − n, we have
where
Recall that for 0 ≤ j ≤ p, A(p, j) denotes the union of all cylinders on p symbols with exactly j 1 ′ s. If
Moreover, the stabilizer in S n,p of (x, 1 j−n , 0 p−n−j , x) is isomorphic to the product of the symmetric groups S j−k and S p−n−j+k , where k = #(x). Then
By definition (1) of f , we then have
From (3), (4), Corollary 1.4 and as k ≤ n,
By (5) and the choice of p, we get
The proof of the lemma is completed by letting S be the (disjoint) union of S n,p σ x , x ∈ X n and
Proof of Theorem 2.1. Consider an arbitrary finite collection f 1 , f 2 , . . . , f m of functions from L 1 + (X, ν λ ) and ε > 0. Choose η > 0 such that (1 + f j ) · η ≤ ε for all j. By Lemma 2.2, there exists n ≥ 1 and nonnegative coefficients λ j,x such that
Then, for j = 1, 2, . . . , n we obtain
Hence the action of S ∞ on (X, ν λ ) is AT.
GENERALIZATIONS
In this section, we generalize Theorem 2.1 for a larger class of probability measures on X = k≥1 {0, 1}, and show that the associated flow of S ∞ is AT for this class of measures. Let (L n ) n≥1 be a sequence of positive integers and (λ n ) n≥1 be a sequence of real numbers in (0, 1].
Then ν = ν(L n , λ n ) will denote the product measure on X = k≥1 {0, 1} = . In this section we will assume that (6) sup{L n λ n : n ≥ 1} = ∞.
Recall (see [17] or [3] ) that ν(L n , λ n ) is a S ∞ -ergodic, nonatomic measure on X if and only if
The following lemma and its proof are a generalization of Lemma 2.3. We will use the following notations: set k 0 = 0 and for n ≥ 1, k n = n k=1 L k and recalling that for n ≥ 1,
Lemma 3.1. Let (X, ν) be as above. Then for each n ≥ 1 and ε > 0, there exist a function f ∈ L 1 + (X, ν), a finite subset S ⊂ S ∞ and nonnegative constants a x,σ , for x ∈ X kn and σ ∈ S such
for all x ∈ X kn .
Proof. Let n ≥ 1 and 0 < ε < 1. By (6) we can choose an integer m ≥ 1 such that
and C(n, m) = Lm−kn j=0 C(n, m, j).
We then define the function f ∈ L 1 + (X, ν) by
whose support is C(n, m). For an arbitrary x ∈ X kn , let x −1 (0) denote the set {j ∈ {1, 2, . . . , k n } :
x j = 0} and consider the permutation σ x given by
,
and for every y ∈ C(x, z j (L m )),
and therefore is constant on σ x (C(n, m)); let D x be this constant. By definition of f we have
Let S(L m ) be the subgroup of S ∞ of permutations σ such that σ(i) = i, for i / ∈ {k m−1 +1, . . . , k m }.
Then it is easy to observe that for 0
Any τ ∈ S(L m ) being ν-measure preserving, we get
A(x, m, k n − k + j). From (11) and (12), we get easily
Then by Corollary 1.4, (13) and
Therefore, by (7), (13) and (14), we get
We let S be the (disjoint) union of S(L m )σ x , x ∈ X n and we define
By Lemma 3.1 and Lemma 2.2, we then get:
Theorem 3.2. Let ν = ν(L n , λ n ) be a product probability measure on X satisfying sup{L n λ n : n ≥ 1} = ∞.
Then the natural action of S ∞ on (X, ν) is AT.
Remark 3.3. Keeping the notation of Lemma 3.1 and its proof, note that for any σ ∈ S ⊂ S ∞ , the Radon-Nikodym derivative
is constant on σ (C(n, m)) where C(n, m) is the support of f . Indeed, S is the disjoint union of S(L m )σ x , for x ∈ X n , moreover any τ ∈ S(m) is ν-measure preserving and
Recall that the associated flow of a nonsingular action of a countable discrete group G on a Lebesgue space (X, ν) is the Mackey range of the Radon-Nikodym cocycle of the G-action on (X, ν). More precisely, on (X × R, ν ⊗ e u du), let us denote by γ the action of G and by ρ the action of R, given by
and ρ s (x, t) = (x, t + s).
As ρ commutes with the G-action γ, it induces an R-action on the ergodic decomposition of the (infinite measure preserving) action γ, which is the associated flow of the action of G on (X, ν).
As by [7] , Remark 2.4, any factor action of an AT action is AT, to prove that the associated flow of a G-action on (X, ν) is AT it is sufficient to show that the above skew product action γ is AT.
We introduce in Definition 3.4 a strong version of AT, which we denote by fi AT , and show in Proposition 3.5 that if a nonsingular G-action is fi AT , its associated skew product (G × R)-action is AT.
Definition 3.4. Let (X, ν, G) be a nonsingular action of a countable discrete group G on a Lebesgue space (X, ν). Then the action is fi AT if given n < ∞, functions f 1 , f 2 , . . . , f n ∈ L 1 + (X, ν) and ε > 0, there exists a function f ∈ L 1 + (X, ν), elements g 1 , . . . , g m ∈ G, s 1 , . . . , s m > 0 for some m < ∞, and λ j,k ≥ 0, for k = 1, 2, . . . , m and j = 1, 2, . . . , n such that
where Supp(f ) denotes the support of f .
Proposition 3.5. Let (X, ν, G) be a nonsingular fi AT action of a countable group G on a Lebesgue space (X, ν). Let µ denote the measure on R given by dµ = e u du. Then the skew product action γ
Proof. Let 0 < ε < 1 and consider n nonnegative functions f j ∈ L 1 + (X ×R, ν ⊗µ), j = 1, 2, . . . , n. By standard approximation arguments, we can assume that ν), g 1 , . . . , g m ∈ G, s 1 , . . . , s m ∈ R * + for some m < ∞, and λ j,k ∈ R + , for k = 1, . . . , m and j = 1, . . . , n such that
As the action ρ by translation on (R, µ) is transitive and therefore AT, there exists f
Note first that
By definition of the (G × R)-action γ and as for 1 ≤ k ≤ m,
Hence,
and therefore the skew actionγ is AT.
By Lemma 3.1 and Remark 3.3 if ν n = ν(L n , λ n ) is a product probability measure on X = k≥1 {0, 1} satisfying (6), then the natural action of S ∞ on (X, ν) is fi AT .
By [7] , Remark 2.4 and Proposition 3.5 we then get:
Theorem 3.6. Let ν = ν(L n , λ n ) be a product probability measure on X = k≥1 {0, 1} satisfying (6) . Then the associated flow of the natural action of S ∞ on (X, ν) is AT.
The previous results can be generalized as follows:
Proposition 3.7. Let ν = ⊗ k≥1 ν k be a product probability measure on X = k≥1 {0, 1}. We assume that there exists real numbers λ n ∈ (0, 1], n ≥ 1 and mutually disjoint sets of positive integers J n , n ≥ 1 of cardinality L n such that ν k = ν λn , for k ∈ J n and such that at least one of the J n 's is infinite or sup {L n λ n : n ≥ 1} = ∞ if all J n 's are finite. Then the natural action of S ∞ on (X, ν) is fi AT and the corresponding skew product action is AT.
Corollary 3.8. Let ν = ⊗ k≥1 ν λ k be a product probability measure on X = k≥1 {0, 1}. If the sequence (λ k ) k≥1 has a non zero limit point λ, then the action of S ∞ on (X, ν) and the action γ of
Proof. Since (λ k ) k≥1 has a nonzero limit point λ we can choose an infinite set J such that
For j / ∈ J, let µ k = ν k . Consider the product measure µ = ⊗ k≥1 µ k . By Kakutani's theorem (see for example [15] , Theorem 22.36), the measures µ and ν are equivalent. Proposition 3.7 implies that both the action of S ∞ on (X, µ) and the action γ of S ∞ × R on (X × R, µ ⊗ e u du) are AT.
Since AT property is preserved when the measure is replaced with an equivalent one, the corollary follows.
Remark 3.9. In general, it is not known if for any product probability measure ν on X = k≥1 {0, 1}, the natural action of S ∞ on (X, ν), or its associated flow are AT.
Remark 3.10. On the product space X = k≥1 {0, 1} consider the product probability measure
We do not know if the system (X, ν, S ∞ ) is AT. On the other hand, it can be shown that (X, ν, S ∞ ) is of type III 1 and therefore its associated flow is AT.
EXAMPLES
If ν is a Bernoulli measure on X, then (X, ν, S ∞ ) is a system of type II 1 . We have shown in
Section 2 that such a system is AT.
Recall that an ergodic and nonsingular action of a countable group G on a Lebesgue space (Y, ν) is of type III if there is no G-invariant measure equivalent to ν. Moreover, the ergodic Gspace (Y, ν) is of type III λ , 0 ≤ λ ≤ 1, if its associated flow is the periodic flow on the interval [0, − log λ] for 0 < λ < 1, is the trivial flow on a singleton for λ = 1, and is non-transitive for λ = 0. Notice that the type of an ergodic measurable dynamical system depends only on its orbit equivalence class.
In this section we give examples of product measures on X with respect to which the action of S ∞ is AT and of type III.
Example 4.1.
For 0 < λ < 1, let λ n = λ 2 n , for n ≥ 0 and (L n ) n≥0 be a sequence of positive integers such that sup{L n λ n : n ≥ 0} = ∞.
Let ν = ν(L n , λ n ) be the corresponding product measure on X = k≥0 {0, 1}, as in Section 3. If R denotes the tail equivalence relation on (X, ν), then the equivalence S induced by the action of S ∞ is a subequivalence of R.
By Theorem 3.6, (X, ν, S ∞ ) is AT and of type III (see [17] , [6] or [13] ). Moreover, as (X, ν, R)
is of type III 0 , then (X, ν, S ∞ ) is also of type III 0 (the associated flow of (X, ν, R) is a factor of the flow associated to (X, ν, S ∞ )).
Example 4.2.
Let 0 < λ < 1 be fixed and let (k n ) n≥0 be an increasing sequence of positive integers with k 0 = 0 such that n≥1 (k n − k n−1 )λ 2 n = ∞.
Let X = k≥0 {0, 1} and ν = ⊗ k≥0 ν k be the probability measure defined by ν 2k (0) = 1 1 + λ , ν 2k (1) = λ 1 + λ , k ≥ 0 and ν 2k+1 (0) = 1 1 + λ 2 n +1 , ν 2k+1 (1) = λ 2 n +1 1 + λ 2 n +1 , k n−1 ≤ k < k n , n ≥ 1.
The dynamical system (X, ν, S ∞ ) is AT by Proposition 3.7. Since n≥0 (k n − k n−1 )λ 2 n = ∞, it follows from [17] or [13] , that (X, ν, S ∞ ) is of type III. Let T (X, ν, S ∞ ) be the invariant T of the ergodic system (X, ν, S ∞ ). Recall that T (X, ν, S ∞ ) is equal to the Connes invariant T of the Krieger factor associated to the system (X, µ, S ∞ ) and to the L ∞ -point spectrum of the associated flow (see for example [14] or [19] ).
Then, following [13] , we have
2 n log λ , n 0, k ∈ Z´, which implies that (X, ν, S ∞ ) is a system of type III 0 . Note that in this case the odometer defined on (X, ν) is of type III λ This example shows that there exist product probability measures ⊗ k≥1 ν k on X such that the corresponding sequence (λ k ) k≥1 has a nonzero limit point and such that (X, ν, S ∞ ) is AT and of type III 0 . 
